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Abstract. Consider the random entire function 

where the 0„ are i.i.d. standard complex Gaussian variables. The 
zero set of this function is distinguished by invariance of its distri- 
bution with respect to the isometries of the plane. 

We study the probability PHir) that / has no zeroes in the 
disk {|z| < r} (hole probability). Improving a result of Sodin and 
Tsirelson, we show that 

logPHir)^~^-r^ + o{r^) 

as r — + cxD. The proof does not use distribution invariance of the 
zeros, and can be extended to other Gaussian Taylor series. 

If instead of Gaussians we take Rademacher or Steinhaus ran- 
dom variables (fin, we get a very different result. There exists tq so 
that every random function of the form (*) with Rademacher or 
Steinhaus coefficients must vanish in the disk {\z\ < ro}. 



1. Introduction 
Consider the following random entire function 



(1-1) /w = E' 

where a„ = {n\) and 0,^ are independent standard complex Gauss- 
ian random variables (i.e., each 0„ has the density function vr"^ ■ 
exp(— with respect to Lebesgue measure on C). The random 
zero set of this function is known to be distribution invariant with 
respect to isometries of the plane. Furthermore, this is the only Gauss- 
ian entire function with distribution invariant zeros (see |ST1| . and the 
forthcoming book |BKPV| for details and discussion). 

One of the interesting characteristics of the random zero process 
{0} is the asymptotic decay of the event where / has no zeros 
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inside the disk {\z\ < r} when r is large. Since the decay rate is known 
to be exponential, we use the notation 

Ph{,z) = \og~ PuiT) = log" P {f{z) 7^ for |z| < r) . 

In the paper |ST3| . Sodin and Tsirelson showed that for r > 1, 

(1.2) Cir^ < puir) < C2r^ 

with some positive numerical constants Ci and C2. This result was 
extended in different directions by Ben Hough |BH| . Krishnapur [K], 
Zrebiec |Zrll IZr2] and Shiffman, Zelditch and Zrebiec |SZZ| . 

In |ST3| . Sodin and Tsirelson raised the question whether the limit 

Pnir) 



lim 



^4 



exists and what is its value ? Our main result answers this question 
(and estimates the remainder): 

Theorem 1. For r large enough 

(1.3) p^(r) = :^./ + 0(ri8/5). 

The constant ^ arrives as follows. We introduce the function 
Sir) = log H (a„r")' = 2- Yl l^S , 

{n:a,ir">l} {n:a„r">l} 

and prove that 

(1.4) Pnir) = S{r) + O [r^^^^] , r ^ oo. 
Then it is easy to see that 

S{r) = ■ r^ + O (r^ logr) , r — oo. 

Actually, it is plausible that estimate (11.31) holds with a better estimate 
of the remainder, for instance, with O {r"^^^) with any e > 0. 

The proof of the upper bound in (11.41) is similar to the proof of the 



upper bound in (II. 2^ given in |ST3| . the only difference is that our 



estimates are slightly more accurate (note that in |ST3j this is consid- 
ered to be the lower bound). The proof of the lower bound in ( ll.4p 
combines techniques from |ST3| with direct estimates of probability of 
some events in high-dimensional linear spaces with Gaussian measure. 
Note that somewhat similar ideas were used in |SZZ| . 

In contrast to |ST3| , our proof of the lower bound in (ll.4p does not 
use distribution invariance of the zero set of/, and our main result can 
be extended to other Gaussian entire functions of the form (II. ip with 
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regular sequence of the coefficients a„. For instance, one may consider 
Gaussian Mittag-Leffier functions 

f{z) = V 0n ■ — T 

^-^ i an + 1 

n=0 ^ ' 

with « > 0. In this case, the corresponding function S{r) has the 
asymptotics 

S{r) = ^r^/" + C„ (r^/^logr) 

and then only minor modifications in the proof of Theorem [T] are needed 
to show that 

PH{r) = S{r) + a (r'/'") . 

One can ask what happens when the i.i.d. coefficients Cn in 
are not Gaussian ? The following deterministic result shows that the 
situation might be very different. 

Theorem 2. Let K C C be a compact set and ^ K . Suppose that 
(f)n G K for each n, and that a„ = (ra!) . Then there exists rQ^K) < 
oo so that f{z) must vanish somewhere in the disk {\z\ < ro{K)}. 

The idea of the proof is very simple. A standard compactness ar- 
gument shows that if the result is wrong then there exists an entire 
function / of the form (11. ip with G A' and a„ = (n!)"^'^^ that does 
not vanish on C. Since / is an entire function of order 2, it equals 
exp (az^ + /3z + 7) with complex constants a, /3, 7. Then it is not dif- 
ficult to verify that the Taylor coefficients of that function cannot be 
equal to 0„/ VnJ. with C,n ^ K . 

Acknowledgement. First of all I would like to thank my advisor Mikhail 
Sodin for his more than substantial involvement in writing this paper, 
and supporting me in general. Starting with the subject, continuing 
with technical issues, and especially in the presentation, his fingerprints 
are found everywhere in this paper. I would also like to thank Fedor 
Nazarov for contributing his idea regarding the second theorem. 

2. Notations and Elementary Estimates 

In what follows we frequently use that if w is a standard Gaussian 
random variable, then, 

(2.1) P(|w;| > A) = exp(-A^), 

and for 

A < 1, 
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(2.2) P(|«;|<A)g 



X2 



We denote by rDthe disk {z : |2;| < r} and by rT its boundary : \z\ = 
The letter C denotes positive numerical constant (which can change 
between lines). 

In what follows, we use several elementary estimates, we skip their 
proofs. 

Lemma 3. The sequence anv"^ has a local maximum only in the interval 

Using Striling's approximation we have 
Lemma 4. For all n > 1 we have 



moreover for n G {1, . . . , [er^J } 

1 

3r 



2.4) ■ (a„r")-i < 1 



and for n > er^ 

(2.5) log(a„r")<-i(n-er2). 

Since by Lemma[3]we see the sequence a„r" is unimodal in [0, [er^J], 
it is easy to estimate S{r) with a corresponding integral and get 

Lemma 5. We have 

^{^) = ■ r^ + O (r^ logr) . 

3. Upper Bound for pnir) 
In this section, we show that for r large enough, 

PH{r) < S{r) + O (r^ log r) . 
Proof. Denote by VLr the following event 
(i) I0o| > 2r 
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<^-(a„r")-i nG{l,...,Ler2j}, 



iii) |0n| <exp ^) n> [er^J + 1. 
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E l / n — er \ , on 
WnWr < 2^ exp I J -[n-er ) 



We prove that if r is large enough and the event Qr occurs, then f{z) ^ 
inside rD, and that 

logP(^],) > -S{r) - O (r^logr) . 

Note that 

oo 

(3.1) 1/(^)1 > |0o|-$^|0n|a„r". 

n=l 

First, estimate the sum 

n=l 71=1 

To bound the tail we use (12.51) . 

oo / 

^ .^^f"^ 

4 2 
< 5^exp(-n/2) = 0(l). 

n=0 

From (13. ip . we have 

1/(^)1 > 2r-r-C(l) > 0, 

for r large enough. We see that f{z) 7^ inside rD. 

Now we estimate the probability of Qr using ()2.ip and (|2.2I) . First, 

P((i)) = exp (-4r2) . 

For n > [er^J + 1, we have 

P((iii)J = l-exp (^-exp (^^^))- 

That is, 

P((iii))= n P((iii)J=exp I 5^ logP((iii) 

n>[er2J+l \^n>[er^]+l 

Taking logarithm of P((iii)^), we can see that we have the following 
estimate for r large enough, 

2 ^ 

— 6r 

logP((iii)^) > - exp ' 



6 



ALON NISHRY 



so P((iii)) is larger than some constant, which does not depend on r. 
For the term P((ii)), recalling (12.41) . we use the estimate 

P((ii) ) > (m:!^"' 

U )n) - 

and get 



|er2| 

(n r"^)-^ 

^((")) ^ n isr2 = (-^^^) - ^^^'J ■ log 18^') • 

n=0 

Since P (^0 = P ((i)) P ((ii)) P ((iii)), we get the required result: 
PH{r) < -logP(fi^) < S{r) + O piogr) . 



□ 



4. Lower Bound FORpH(r) 
In this section we show that for r large enough 
PH{r) > S{r) - Cr^^'^. 
Define M(r) = max|/(z)|, we start by studying the deviations of 

|2|<r 

log M(r) from the mean ^r^. Then we consider large deviations of the 
expression j \og\f{z)\dm^ where m is the normalized angular mea- 

sure on rT. Finally, we use the fact that if n{r) = then log \f{z)\ is 
a harmonic function inside rD to get the result. 

4.1. Large deviations for log M(r). We use the first part of Lemma 
1 in the paper |ST3j as 

Lemma 6. Given a > 0, we have for r large enough 

logP(^^^>l + -)<-expK). 

In the other direction we have 

Lemma 7. We have the following estimate for the lower bound of M{r) 

logP (M(r) < 1) < -S{r). 

Proof. Suppose log|/(z)| < in r©, then using Cauchy's estimate for 
the coefficients of f{z) we can get an estimate to the probability of this 
event. We have 

|0n|«nr" < M(r) < 1 
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or 



|0n| < (a„r")-\ 

The probability of each event, for n G {0, . . . , [er^J} is bounded by 
(using Lemma [4]) 

P(|0n|<Kr")-')<(a„r")-^ 

We get 



[er2j 

P(M(r) < 1) < JJ 



(a„r")-' = exp(-5(r)). 



n=0 



□ 



4.2. Discretization of the logarithmic integraL In this section 
S e (0, 1), = [er^J , K = 1 — (5^/^ and the points {-^j}^^^ are equally 
distributed on nrT, that is 

Zj = Krexp 1 . 

Also m is the normalized angular measure on rT. Under this conditions 
we have 

Lemma 8. Outside an exceptional set of probability at most 

2 exp {—S{Kr)) 

we have 

. N-l 

(4.1) _^log|/(^^.)l< / log I/Mm +- 

with C a positive numerical constant. 

Proof. Denote by Pj{z) = P{z,Zj) the Poisson kernel for the disk 
rD,|2;| = r, \zj\ < r. Since log |/| is a subharmonic function we have 

N-l / N^l \ 

i=o V i=o / 

= y log I/Mm + I fl^'p,.-ljlog|/|rfm. 



rT 



rT 



The last expression can be estimated by 
(4.2) 



/ ^ 7V-1 \ ^ N-l 

rT ^ •'=0 / rT 



dm. 
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For the first factor in the RHS of (14.21) . we start with 

P{z, u) dm{ijj) = 1, 



and then split the circle urT into a union of disjoint arcs Ij of equal 
angular measure fi{Ij) = centered at the z/s. Then 

N-l N-1 
j=0 j=0 j 

and 

\P{z^uj) — P{z,Zj^\ < ma.x\u — Zj\ ■ max\VujP{z,uj)\ 

27rr Cr C_ 

- 1^ ' (r- \uj\y - In' 

For the second factor on the RHS of (14. 2p . using Lemma [7l we may 
suppose that there is a point a G KrT such that log |/(a)| > (discard- 
ing an exceptional event of probability at most exp (— S'(Kr))). Then 
we have 



0< J P{z,a) \og\ f{z)\dm{z), 



rT 

and hence 

J P{z,a) log- \f{z)\dm{z)< J P {z, a) \og+ \f{z)\dm{z). 

rT rT 

For \z\ = r and \a\ = kt we have, 

^<l^ii^<P(.,a)<i±ii^<4. 
2-1 + (1-55)- ^ ' ' - i-^i-sh)- 52 

By LemmaEl outside a very small exception set (of the order exp (— exp (r 
we have 

2 



and therefore 



Finally 



j log+ I/I rf/i<r2 

rT 

2 

log-|/|rf/i< 



5 

rT 

2 

|log|/||rf/i<^. 

rT 
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Using the fact that = [er^J , we see that the lemma is proved. □ 

4.3. Deviation from the logarithmic integraL If we use the nota- 
tion (j = f{zj), we know that the Gaussian random variables {C,j}^=Q 
have a multivariate complex Gaussian distribution, with covariance 
matrix E, where 

E,, = Cov(0,0) = Cov(/(^,), 

oo 

= Hf{zi)f{zj)) = alziZj = exp (ziZj) . 

n=0 

We also know that the density function of this distribution is 
We introduce the sets 

{N-l 
C : n 101 ^ exp (4A^ ■ log r + 06'^ ■ r^) 
j=o 
and 
(4.4) 

^ = {C : C e ^' and |0| = \f{z,)\ < exp {2r^) , < j < N - l} 

and denote by B the set where estimate (14. ip in Lemma [8] holds. Using 
these notations we get the simple 



Lemma 9. 

P 



[ log 1/(^)1 rf/i< 4 log r] <F{A) + ¥{B'')+F{A'\A). 

JrT / 

Proof. We start by discarding the exceptional set in Lemma El this 
adds the term P {B'^) . Now we can assume that 

N-l 



lX;iog|/(z,)|< / log|/Mm+^^ 



or 

N-l 



H ICI <exp AT. J \og\f\dm + 



3=0 

In terms of probabilities we can write 

p(^^ log 1/(^)1 dm < 4 log < P + P (^') 

and since 

p (^0 = p (^) + p (^'\^) , 
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we get the required result. □ 

Before we continue, we need two asymptotic estimates. 

Lemma 10. Let E he the covariance matrix defined above. We have 
the following estimate 

log(detE) > S{Kr). 
Proof. Notice that we can represent E in the following form 

j: = v -v* 

where 



'do Ol ■ Zi 



V ^ 



^ao ai ■ zn ... 
By the Cauchy-Binet formula we have 



U]\f ■ Zi 



ajv • Zpf 



det S = |S| = J2\m{V)\'^, 



where the sum is taken over all principal minors rritiV) of the matrix 
V. 

In our case the following minor is sufficient for the estimates 



|E| > 



O-iZn CL2Zf^ 

N N 

n=l i=l 

= Hi-ns-ng. 



N 2 
0-nZi 



n 

a^Zj^ 



Zi 



n 



Zi Z^ 



l<i^j<N 



It is clear that 



.2N 



U2 = {KrY 

The Zi^s are the roots of the equation z^ — (nr) , denoting Zi — kt 
we get 

N 



J](^i -Zi)=N 



and 



n. 



n 



1=2 



Zi z^ 



N 



N 



l<i^j<N 



vi=2 
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We now "collect" the product of the rer's and rewrite it as (nr)^^^ — 
Yln=l i^^)^"" and get 

N 

det S > al (fi:r)'" . 

n=l 

Using the fact that N — [er^J , we have 

det E > exp {S{K,r)) . 

□ 

We denote by / the following quantity 
(4.5) I ^n-^ -volcNiA). 

We use the following lemma to estimate /, 

Lemma 11. Set s > 0, t > and N e N+ , such that log (t^/s) > N. 
Denote by Cn the following set 

Cn = Cn {t, s) = |r = {n, . . . , rjv) : < rj < t, Y^rj < s 
Then 

volMN(C^r)<^^^^log^ (t^'/s). 

Proof. We will find an expression for the volume using induction. First 
we define for /c > 1 

Vk{t,s) = vol]Rk(Cfc(t,s)). 
We notice that if s > then Vkit, s) — t'^ . Now we can write 

Vkit, ^) = / i ^ ~ ^^^) 

where x is the characteristic function of the set |r : — •^/^^l; if 

s < i'^ we can rewrite this expression as 



a 

Vk{t, s) ^ j Vk-i (t, ^) dx 







J Vk-1 (t, ^) dx+ J Vk-i (t, ^) dx = Ii + h. 
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For the first integral we have x < s/t^ ^ ov s/x > ^ and so 14-i f ) 
t^~^^ meaning I\ = s. We can now prove by induction 

4-k 



Et:o;^-(iog(tV^))' 



s > ^^ 

s < t^. 



For k — 1 this is trivial, now using the expression above we have, 



fc-2 



X ■ ml 



(log (xt'^-^/s))"" dx 



m=0 



(m+ 1)! 

E£i-(i°8(*V^)) 



log 



m+l 





t 







k-l 



m=0 



We conclude that 



Af-l 



m=0 



voW(C^) = ^-^-(log(t^/.)) 



Since log {t^ / s) > N, we can approximate the integral from above by 
m! ^ ^ m! m + l 

m=0 m=0 ^ ' 

This finishes the proof. 

Now we have as an almost immediate 
Corollary 12. For r large enough and 5 > r^~^, we have 

log / <C{\ogr + 5-^) r^. 

Proof. We recall that 

lOl = l/(%-)l<exp(2r2), 0<J<N-1] 



N 



□ 



and 



nf=o' 1 1 < exp (47V • log r + • r^) J 



To shorten the expressions we use s — exp (4A^ • logr + CS~^ • r^) and 
t = exp (2r^). We notice that under the assumptions that we made and 
for r large enough log (t^/s) > N (remember that = [er^J). We 
want to translate the integral into an integral in M^, using the change 
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of variables (j = rj cos{6j) + irj sin{6j). Integrating out the variables 
9j, we get /' = 2^ n dr, where the new domain is 

C = |r = (ri, . . . ,rAr) : < < t, < s| . 

We can find an explicit expression for this integral, but, instead we will 
simplify it even more to 

(4.6) J' < 2^ ■ s • voIrn(C) 

Now we can use the previous lemma, and get (for r large enough) 

< . log" (*"/.) 

= exp (21ogs + A^loglogt + 2A^ - A^loglogs) 

< exp (2 log s + N log log t) . 

Recalling the definitions of s and t, we finally get 



-2\ 2 



log/' < 8A^ ■ logr + Cir^r^ + Csr^ logr < C (logr + 6'^) 

□ 

We now continue to estimate probabilities of the events A and A' 
introduced in (l44l) and (l43l) . 

Lemma 13. We have the following estimates: 

P (^'\^) < exp (- exp (r^)) 

and 

P (A) < exp {-S{Kr) + C (log r + b'"^) r^) . 

Proof. The first estimate in a trivial consequence of Lemma [6l For the 
second we need to estimate the integral 

/' = / • exp {-C^-\) dC 

A 

We can use the crude estimate 

A 

using the previous two lemmas, we get the result. □ 



14 



ALON NISHRY 



4.4. Lower bound for pn- We collect all the previous results into 
this 



Lemma 14. For r large enough 
(4.7) pH{r)> S{Kr)-C {log r + 6~^) 

Proof. Suppose that f{z) has no zeros inside rD, then 

log 1/(^)1 rfm = log |/(0)|. 



'rT 

We can use the fact that log |/(0)| cannot be too large, in fact 

P (log 1/(0)1 > 41ogr) = P (|0o| > r^) < exp (-r^) . 

Now using this result combined with Lemma [9] and Lemma [T3l we can 
bound the probability of this event by 

exp (— r^) + 2 exp {—S{Kr)) + exp {—S^nr) + C (logr + 5^^) r^) 

that is (US). □ 

To finish the proof of the lower bound for Ph{i"), we recall that 
K = 1 — (5^/^ and select 6 = r~° with < a < 2, then k = 1 — r~"/^. 
We have to minimize the asymptotics of the expression 

-S{Kr) + C (logr + 

Simple calculations lead to the equality 2 + 2a = 4 — a/2, or 5 = r~^/^ . 
We finally get (for r large enough) 

PH{r) > ^.(r.(l-r-2/5))'-Cri«/5 
- 4 

5. Proof of The Second Theorem 

Suppose that the theorem is false, that is, there is a sequence of 
entire functions 

fk{z) = ^n,k ■ -J=, (Pn,k e K, 

n=0 * 

and a sequence r^ — oo so that fk does not vanish in r^D. Since K is 
a compact set, we can find a subsequence, also denoted by {fk}, such 
that 0ri,fc (pn for each n G N. It easy to see that the sequence {fk} 
converges locally uniformly to a limiting function /. Since ^ K, the 
limiting function / is not identically zero. Now, using Hurwitz theorem 
(see [ Ahll pg. 178]), / does not vanish in any disk r^D; i.e. is does not 
vanish in the whole complex plane. 



ASYMPTOTICS OF THE HOLE PROBABILITY 15 



By known formulas for the order and type of entire functions by 
its Taylor coefficients (see, for instance [Levi pg. 6]) / has order 2 
and type |. Since it does not vanish on C, by Hadamard theorem, 
f{z) = exp (az^ + /32 + 7) , with complex constants a, (3, 7; |a| = |. 

We want to prove that we cannot get a function / of this form, 
using coefficients from the set K. We will use the asymptotics of the 
coefficients of / to prove this. Denoting the Taylor coefficients of f{z) 
by gn, it is sufficient to show that the product 



\9n\ ■ vn 

is not bounded between any two positive constants. 

We first study the asymptotics of function of the form p. II) . Using 
Stirling's approximation we get 



(5.1) A! = (^v^(^)" + C (^^ 



1/2 



The asymptotics of / are not as simple. Using rotation and scaling, 
we can assume a = | and 7 = 1, moreover it is easy to see that /? 
should not be zero. Therefore the problem is reduced to the study of 
the asymptotics of 

(5.2) exp(^-z' + P-z\ =Y,9n{(3)-z\ 

^ ^ n=0 

with 7^ 0, with [3 possibly a complex number. A standard application 
of the saddle point method shows that 

(5.3) ,„_,(/?) =C,\lf- (e^^ + (-1)" e-^v^) ■ (l + O ) , 

where Cp is some constant. We can see that this is not the same rate 
of decay as in f l5.ip for n — > 00. We arrive at the contradiction which 
finishes the proof of Theorem [21 

Remark. For the reader's convenience we prove the asymptotic estimate 
f l5.3p in the appendix. We also note that the function (15. 2p is the 
generating function of the Hermite polynomials. 

6. Open Problems and Further Directions 



Since it is known, that the expected number of zeros of the random 
function f{z) of the form (II. ip . in rD is it is interesting to get 
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logarithmic asymptotics for the probability of "large deviations" 

¥{\n{r)-r'^\ > 5 ■ a(r)°) 

in terms of both a and 6 (here a{r) denotes the standard deviation, and 
cr(r) = O (r^/^)). Some partial results in that direction can be found 
in Sodin and Tsirelson [ST3J . Krishnapur [K] and Nazarov, Sodin and 
Volberg |NSV| . The most interesting cases here are a = 2 and a = 4. 
Note that the aforementioned results are based on the invariance of the 
random zero set and it would be also interesting to estimate similar 
probabilities for more general Gaussian entire functions. 

Another possible direction would be to study the hole probability 
for more complicated domains. It would be interesting if there is a 
function, defined for closed (simply connected) domains U, denote it 
by g{U), such that 

hgF{f{z) ^ in rU) = -g{U) ■ + o(r^). 

Of course this function should be invariant with respect to the plane 
isometrics (hence "geometrical"). 

7. Appendix: Proof of (lOl) 

Here we compute the asymptotics of the Taylor coefficients of exp (| ■ 2;^ + a ■ 2;) 
using the saddle point method. We write 

exp Q ■ + a ■ z j = (a) ■ z". 

^ ^ n=0 

We begin with Cauchy's integral formula 

(7.1) j„_,(„) = J-/!^pii:il±^<i,, 

for some r > (since the function that we study is entire) . We will use 
the notation (notice the use of n instead of n — 1) 

Fn{z) = Fn{a] z) = ^- z"^ + a ■ z - nlogz. 

We use a standard saddle point method to study the asymptotics of 
this integral. We have 

dFn , n 
—— = z + a , 

az z 

for large values of n we see that the solutions to the equation ^ = 
are approximately 2:1^2 = (notice that they are the approximate 
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minima of the function Therefore we select the following rectan- 
gular contour (T ^ 1) 

r = [^/n - i ■ T,^yn + i ■ T]\^[-^/n - i ■ T,-^/n + i ■ T] 

[j [-y/E -i■T,^/E-i■T][j + i■T,^/E + i■T] 

= riur2ur3ur4. 

We have the following estimate for F„ (z = x + iy) 



(7.2) |exp(F„(2))| <exp 



+ \a\ ■ \z\ \ ■ \z 



We see that for T ^ To(a,n), n fixed, we have 



|exp(F„(2;))| <exp(-TV4) 



and so 



1 
27ri 



exp {Fn{z)) dz 



< Cy/E ■ exp (-TV4) ^ 0, 



as T — > oo. Therefore what is left is to estimate the integrals 

/i = 77— ■ / exp {Fn{z)) dz, 
2m J 



27ri 



exp {Fn{z)) dz. 



We start by using the parametrization z = -Jn ■ (1 + 2 ■ t), with t G 
(—00,00). Then we have 

00 

1/2 (• 

/i = / exp(^^-(l + z-t)' + av^-(l + z-t)) + 



1 exp (1 + a^fn) 
27T n("-i)/2 



00 

j exp -t^ + {n + a^/n) -ti^ -{l + i- 1)"" dt. 



We denote the new integral by I[. Using (17. 2p we want to show that 
only the "small" values of t contribute to the asymptotics. 

Set < 6 < |, we want h to be sufficiently close to | and to have 

-- -t^ + Vn \a\ ■ \t\ < -b ■ nt^, 
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or after rearrangement 



We assume n > 2^^ and select b = ^ — (the reason for selecting 

will be clear from the calculations bellow). For \t\ > ^^^k, we now 
have 

exp ■ + (n + a^/rlj ■ ti^ < exp ■ t'^ + ^/n\a\ ■ \t\j 

< exp I — I TTTTT I • nt^ 



2 nVi2 



< exp [ —-■ nt' 



We also note that for n large enough 

12 \ "/2 



1 + i 



\a\ 



n 



5/12 



> 1 + 



\a\ 



5/6 



> exp Q • |q;| . 



Therefore we have the following estimate for "large" values of t 



J exp (^-^ ■t'^ + {n + a^/n) ■ ti^ ■ {1 + z ■ t) " dt 



+I>_H_ 



J exp ■ t^^ dt ■ 



l + i 



\a\ 



n 



5/12 



< 



< 



oo 

J exp 



^ t j dt ■ exp ( — - "lain 



exp ( — - • lal^n"^''^ 



For the main part we use the Taylor expansion of log {1 + x) for small 

X, 



t' 



log(l + i-i)=i-i+- + ^(-l) 



m+l 



m=3 



m 
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For \t\ < ■;^^j2 and n^/^^ > 2\a\, we have the following bound for the 
tail 



m=3 



m+1 _ (^^) 

m 



<\t\' 



til 



m=0 



2|^|^ 



so we get 



\og{l + i- t) - ii-t + 



or 



n ■ log (l + i-t)— n[i-t + 



<2|^|^ 



< 2n\t\^ 



Using exp (n|tp) = 1 + n\t\^ + O (^-^^ , we now have 



1 



where 



/(' = J exp [—nt^ + q;-\/^ • c?^, 



I*l< 



n5/12 



/J^^ = j exp (-ni^ + • ti) ■ 2n\t\^ dt, 
^ = y exp {-nt^) dt. 



After simple approximations of I^^ and /^^^ we get 



i[^i'; + o[-]. 



Using similar estimates we conclude 

oo 

I"- J ex?^ {-nt^ -\- a\/n ■ ti) dt < J exp (^-^ ■ t'^ ] dt, 



\t\>- 



JJvI 
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the error term is bounded in the following way 

J exp (-^ • dt < J exp (-^ ■ t^) . \t\ 



^5/12 

——dt 

\a\ 



2 exp ( — ■ n 



\a\n 



7/12 



Overall we have (for n large enough) 

oo 

I[= J exp (-nt^ + av^n ■ ti) dt+O (^-^ = ^^-exp {-a^/A)+0 (^-^ 



— oo 

and so 



fY exp(f + av/^-aV4) A ^ / 1 



Repeating the same calculation for I2 we also have 
Recalling 

Comparing this with (15.11) we get the required contradiction. 
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